A graph G is a Zm-well-covered graph if |I1| ≡ |I2| (mod m) for all maximal independent sets I1 and I2 in V (G) [3] . The recognition problem of Zm-well-covered graphs is a Co-NP-Complete problem. We give a characterization of Zm-well-covered graphs for chordal, simplicial and circular arc graphs.
Introduction
We start with some basic deÿnitions and notation. We denote the vertex set of a graph G by V (G). N (v) is the set of vertices adjacent to v in G and N (v) of those not adjacent to v. N [v] = N (v) ∪ {v}. A set I ⊂ V (G) is independent if no two vertices of I are adjacent. A graph G is well-covered if every maximal independent set of vertices of G has the same cardinality. These graphs were introduced by Plummer [10] in 1970. Although the recognition problem of well-covered graphs in general is Co-NP-complete [5, 6, 13] , it is polynomial for some classes of graphs, for instance, claw-free [14] , graphs with girth ¿5 [8] , and chordal [12] . The reader is referred to Plummer [11] , and more recently, Hartnell [9] for survey articles and further references to work on well-covered graphs. A graph H is a parity graph if every maximal independent set of vertices of H has the same parity. Caro [2] proved that the recognition problem of well-covered graphs is Co-NP-complete even for parity graphs which are K 1; 7 -free. Finbow and Hartnell [7] gave a characterization of parity graphs with girth ¿ 5. A graph G is a Z m -well-covered graph if |I 1 | ≡ |I 2 | (mod m) for all maximal independent sets I 1 and I 2 in V (G). In [1] it is shown that claw-free Z m -well-covered graphs must be well-covered. Caro and Hartnell [4] give a characterization of Z m -well-covered graphs of girth ¿ 5.
A clique of a graph G is a maximal complete subgraph of G. A vertex v of a graph is a simplicial vertex if it appears in exactly one clique of the graph. A clique of a graph G containing at least one simplicial vertex of G is called a simplex of G. A graph G is a simplicial graph if every vertex of G is a simplicial vertex of G or is adjacent to a simplicial vertex of G. A graph G is chordal if every cycle of G of length four or more has a chord. A graph G is a circular arc graph if it is the intersection graph of arcs on a circle.
Results
In [12] a complete characterization of chordal, simplicial and circular arc well-covered graphs is given. Here we will characterize Z m -well-covered graphs in these classes of graphs. The following theorem gives a su cient condition for a graph to be a Z m -well-covered graph. Observe that for each simplex S in G, there exists exactly one a i ∈ A 1 and exactly one b j ∈ B 1 such that a i ∈ S and b j ∈ S. If given any S, there is a b j not in S, we could take s ∈ S, s simplicial, and B 1 ∪ {s} would be independent. S cannot have more than one vertex of B 1 because S is a clique and these two vertices would be adjacent.
Let be the number of simplices of G. By the remark above,
But this results in a contradiction.
The converse of the above theorem is not true. For example, the graph shown in Fig. 1 is a graph in the Z 2 -well-covered class in which there are two vertices belonging to no simplex.
We will now show that if the graph is simplicial then the converse of Theorem 1 is true. Theorem 2. If G is a Z m -well-covered simplicial graph; then for each vertex g ∈ V (G); ∃l ∈ N such that g belongs to exactly (ml + 1) simplices.
Proof: Assume some vertex v belongs to exactly ml+p simplices, say S 1 ; S 2 ; : : : ; S ml+p for some l ∈ N , with 1 ¡ p6m.
Let x 1 ; x 2 ; : : : ; x ml+p be simplicial vertices of the simplices S 1 ; S 2 ; : : : ; S ml+p , respectively.
We extend {v} to a maximal independent set I .
Observe that x 1 ; x 2 ; : : : ; x ml+p ∈ I . Now, consider I 1 = I \{v} ∪ {x 1 ; x 2 ; : : : ; x ml+p };
In the following theorems we will use the lemma below. This lemma is proved in [4] .
Proof: Suppose there is a graph G which is chordal and Z m -well-covered but not simplicial. Let G be minimal with these properties.
Since G is chordal, it has at least one simplicial vertex v. Also, because of lemma [1] 
is Z m -well-covered and chordal and because of the minimality of G, S must be a simplicial graph. Since G is not simplicial, there must exist a simplex S 1 of S that is not a simplex of G. Let X = {s 1 ; s 2 ; : : : ; s p } be the simplicial vertices of S 1 in S. Hence in G the vertices of X have neighbours in N (v). Now, we show there exists at least one vertex v 0 in N (v) that dominates the vertices in X but does not dominate all vertices in S 1 . First, observe that if every vertex in N (v) dominates all of S 1 , S 1 would be simplicial in G, contradiction. Let N * (v) be those vertices of N (v) that are adjacent to at least one vertex of X but not all of S 1 . Thus, each vertex of X must be dominated by at least one vertex of N * (v). If g 1 ; g 2 ∈ N * (v) are such that g 1 dominates X 1 ⊂ X and g 2 dominates X 2 ⊂ X with X 1 = X 2 , we can take x 1 ∈ X 1 , x 2 ∈ X 2 where g 1 ; g 2 ; x 2 ; x 1 is a C 4 , so either g 1 dominates x 2 or g 2 dominates x 1 . Proceeding in this way, we must have at least one vertex v 0 ∈ N (v) that dominates X but not S 1 . Now, let W be the set W = S 1 \ N (v 0 ). Let Y be the set of the neighbours of W that are not themselves in W and are in S \ N (v 0 ). Observe that each vertex of W has a neighbour in Y since no member of W is simplicial in G. Let K = {k 1 ; : : : ; k n } be a maximal independent set in Y that dominates W . This set always exists, because if not, for instance, if there are k 1 ; k 2 such that k 1 ∼ k 2 ; ∃ 1 ∈ W such that k 1 dominates 1 and 2 ∈ W such that k 2 dominates 2 , then 1 ; 2 ; k 2 ; k 1 is a C 4 , so either k 1 dominates 2 or k 2 dominates 1 . Observe that v 0 is not adjacent to any element of K. Extend {v 0 } ∪ {k 1 ; k 2 ; : : : ; k n } to a maximal independent set I 1 in G. Let {v 0 ; k 1 ; k 2 ; : : : ; k n ; r 1 ; r 2 ; : : : ; r j } be this set. So,
Now, consider the following two cases.
(1) There is a vertex w in W that has simplicial vertices (besides the ones in S 1 ) as neighbours in S. w must belong to ml simplices ( = S 1 ) in S, say T 1 ; : : : ; T ml . Now, replace the elements in K ∩(T 1 ∪· · ·∪T ml ) by w and also every other element in K, that is not a simplicial vertex in S, by its simplicial neighbours (one in each simplex). So each non simplicial element k i will be replaced by ml i +1 vertices. Call this new set K * . Then I 2 ={v 0 }∪K * ∪{r 1 ; r 2 ; : : : ; r j } is a maximal independent set in G. Having replaced ml simplicial elements in K by w, and observing that each of the other n − ml vertices in K, (t 1 ; : : : ; t n−ml ), will either make a contribution of 1 or ml * +1 to I 2 , we see that I 2 has cardinality 1+j+1+(ml 1 +1)+(ml 2 +1)+· · ·+(ml n−ml +1)=1+j+1+m(l 1 +· · ·+ l n−ml )+(n−ml)1=1+j+mL+(n−ml)1+1=1+j+n+m(L−l)+1=1+j+mL * +n+1. Then |I 2 | − |I 1 | = mL * + 1, and G is not Z m -well-covered. (2) There is no vertex w ∈ W that has simplicial vertices (besides the ones in S 1 ) as neighbours in S. Now replace one element in K, say k t , by one of its neighbours in W and its independent simplicial neighbours in S. Replace every other element k i in K by its ml i + 1 independent simplicial neighbours in S. Call this new set K * . Then I 2 = {v 0 } ∪ K * ∪ {r 1 ; r 2 ; : : : ; r j } is a maximal independent set in G. I 2 has cardinality 1 + j + (ml 1 + 1) + (ml 2 + 1)
As observed in [12] , if G is a circular arc graph, G \ N [v] is an interval graph for any v ∈ V (G). One can also observe that the complete bipartite graph K 2; 3 is not an induced subgraph of any circular graph. Now, we also give a characterization of Z m -well-covered circular arc graphs. Then |I 1 | ≡ |I 2 | (mod m), which is a contradiction. So, H must be complete. Then G has K 2; 3 as a subgraph, contradiction.
